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We test the viability of the Higgs-dilaton model (HDM) compared to the evolving dark energy
(w0waCDM) model, in which the cosmological constant model ΛCDM is also nested, by using the
latest cosmological data that includes the cosmic microwave background temperature, polarization
and lensing data from the Planck satellite (2015 data release), the BICEP and Keck Array ex-
periments, the Type Ia supernovae from the JLA catalog, the baryon acoustic oscillations from
CMASS, LOWZ and 6dF, the weak lensing data from the CFHTLenS survey and the matter power
Spectrum measurements from the SDSS (data release 7). We find that the values of all cosmolog-
ical parameters allowed by the Higgs-dilaton inflation model are well within the Planck satellite
(2015 data release) constraints. In particular, we have that w0 = −1.0001+0.0072−0.0074, wa = 0.00+0.15−0.16,
ns = 0.9693
+0.0083
−0.0082, αs = −0.001+0.013−0.014 and r0.05 = 0.0025+0.0017−0.0016 (95.5%C.L.). We also place new
stringent constraints on the couplings of the Higgs-dilaton model and we find that ξχ < 0.00328
and ξh/
√
λ = 59200+30000−20000 (95.5%C.L.). Furthermore, we report that the HDM is at a slightly
better footing than the w0waCDM model, as they both have practically the same chi-square, i.e.
∆χ2 = χ2w0waCDM − χ2HDM = 0.18, with the HDM model having two fewer parameters. Finally
Bayesian evidence favors equally the two models, with the HDM being preferred by the AIC and
DIC information criteria.
I. INTRODUCTION
Often it has been successful in physics to try to relate
apparently different phenomena in a common, unifying
framework. Along these lines, the Higgs-dilaton model
(HDM) was proposed in Refs. [1–3]. The model has its
roots in a Higgs-inflation paradigm, see e.g. [4, 5], and
it is based on a nonminimal extension of the Standard
Model (SM) to unimodular gravity (UG), a restricted
version of general relativity (GR) in which the metric
determinant is fixed to one, |g| = 1, and its main motiva-
tion is to explain the source of inflation while also relating
the different scales of physics – the Planck mass MP , the
Higg’s vacuum expectation value v, and a possible cos-
mological constant Λ – that remain when nonminimally
coupling the SM to GR/UG.
The HDM contains two scalar fields: the SM Higgs
h and a new dilaton χ, both nonminimally coupled to
gravity. It is by construction scale invariant (SI) at the
classical level, and all the SM scales originate from the
spontaneous breakdown of SI. It can explain inflation as
a consequence of the slow roll of the h and χ fields. Also,
it provides a source of the dark-energy-driven expansion
of the Universe (see Ref. [5]) once the fields reach their
approximate ground state and start to roll down the po-
tential valley. Therefore, the HDM bridges these two
paradigms and uniquely provides an explanation of the
current dark-energy-led accelerated expansion of the Uni-
verse from an inflationary paradigm.
The connection between the two eras allows us to re-
late inflation observables (namely, the primordial scalar
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power spectrum index ns and its running αs) to those
observables associated with dark-energy (the dark energy
equation of state parameter w0DE and its evolution w
a
DE),
as they all depend on the HDM parameters (the coupling
constant of the Higgs, ξh, and the dilaton, ξχ, to gravity,
and Higgs’ λ). Even though the cosmological constant
model is very successful in describing the evolution of
the Universe [6] and has passed many parametric [7] and
nonparametric tests [8], it still faces several apparently
serious theoretical issues [9], especially regarding to the
predictivity and testability of the inflationary paradigm.
The aim of the present paper is to test the viabil-
ity of the Higgs-dilaton model by comparing it to the
cosmological constant (ΛCDM) and evolving dark en-
ergy (w0waCDM) model, by using the latest cosmologi-
cal data that includes the cosmic microwave background
(CMB) temperature, polarization and lensing data from
the Planck satellite (2015 data release), the BICEP and
Keck Array experiments, the Type Ia supernovae from
the JLA catalog, the BAO from CMASS, LOWZ and
6dF, the weak lensing data from the CFHTLenS survey
and the matter power spectrum measurements from the
SDSS (data release 7). To do this, we make the neces-
sary modifications to the CosmoMC suite in order to
put constraints on the HDM parameters. By checking
whether the model is compatible with present observa-
tions we will also provide insight on which future probes
may be able to discern the model from the standard cos-
mological constant model ΛCDM and the evolving dark
energy (w0waCDM) model in which is nested.
A. Nonminimal SM coupling to general relativity
The simplest models of inflation are those sourced by
a single scalar field and one may be tempted to identify
such a field with the only scalar particle yet found, the
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2Higgs boson. Such models, however, are not compatible
with electroweak experiments and must be discarded, see
Ref. [10]. The next simplest possibility is to introduce a
new, massless scalar degree of freedom, hereafter called
the dilaton. Neglecting the SM contributions, the scale-
invariant extension for the SM plus GR including the
dilaton is [1]1
LSI√−g =
1
2
(
ξχχ
2 + ξhh
2
)
R
− 1
2
∂µh∂µh− 1
2
∂µχ∂µχ− V (h, χ) ,
(1.1)
where the scalar potential is
V (h, χ) = λ
(
1
2
h2 − α
2λ
χ2
)2
+ βχ4 (1.2)
and h is the Higgs field in the unitary gauge. For the term
multiplying the Ricci curvature in Eq. (1.1) to be posi-
tive, the couplings must also be ξχ, ξh ≥ 0. Furthermore,
note that we have neglected a R2 term in the lagrangian
of Eq. (1.1) as it is equivalent to a new scalaron field
under metric redefinitions. The scalaron field is degen-
erate with the Higgs nonminimal coupling, except for its
gravitational interactions to the rest of matter.
The classical ground states are
h20 =
α
λ
χ20 +
ξh
λ
R, R =
4βλ
λξχ + αξh
χ20, (1.3)
which simplify greatly if β = 0, a parameter that de-
termines whether spacetime is flat (β = 0), de Sitter
(β > 0), or anti-de Sitter (β < 0) for a particular scalar
curvature R whose sign is controlled by β.
Note that the solutions for with χ0 6= 0 spontaneously
break scale invariance, and so all induced scales are pro-
portional to χ0. In particular, the three SM induced
scales are (see Ref. [2])
M2P =
(
ξχ + ξh
α
λ
+
4βξ2h
λξχ + αξh
)
χ20 (1.4)
Λ =
βM4P
(ξχ + αξh/λ)2 + 4βξ2h/λ
(1.5)
m2h =2αM
2
P
(1 + 6ξχ) + α(1 + 6ξh)/λ
ξχ(1 + 6ξχ) + ξhα(1 + 6ξh)/λ
. (1.6)
One may worry how the introduction of a new scalar
degree of freedom would alter the SM phenomenology,
but, as shown in Ref. [11], the dilaton completely decou-
ples from all Standard Model fields except for the Higgs,
to which it is coupled derivatively, but Planck-suppressed
by term of order m2h/M
2
P . This means the dilaton does
not alter the low energy SM phenomenology, thus mak-
ing the HDM a viable effective field-theory extension of
the Standard Model and general relativity.
1 Hereafter we follow convention ηµν = diag(−1, 1, 1, 1) and
Rαβγδ = ∂γΓ
α
βδ + Γ
α
λγΓ
λ
βδ − (γ ↔ δ).
B. Non-minimal SM coupling to unimodular
gravity
Now we replace general relativity by unimodular grav-
ity, see Ref. [12], in which one reduces the independent
components of the metric gµν by one, imposing the con-
strain of unit metric determinant g ≡ det(gµν) = 1, hence
the name. This is not a strong condition, however, as
it still allows the theory to describe all possible geome-
tries. In this case the previous Lagrangian of Eq. (1.1)
becomes2
LSI+UG√−gˆ =
1
2
(
ξχχ
2 + ξhh
2
)
Rˆ+ LSM[λ→0]
− 1
2
gˆµν∂µχ∂νχ− V (h, χ)− Λ0 ,
(1.7)
where the potential V (h, χ) is still given by Eq. (1.2), and
there appears a new Λ0 term that explicitly breaks scale-
invariance. At his point, we should note that adding a
bare Higgs mass term m2h2 to Eq. (1.7) is unnecessary,
as it is already present through the α coupling to the
dilation, whose SSB vev gives mass to the Higgs. The
Λ0 term is completely different, since it arises as a La-
grange multiplier related to the condition of Unimodular
gravity and cannot be renormalized, thus alleviating the
“technical” cosmological constant problem [1].
Moving from the Jordan to the Einstein frame3, that
is, making the metric transformation
g˜µν = M
−2
P (ξχχ
2 + ξhh
2)gˆµν , (1.8)
causes the Lagrangian of Eq. (1.7) to transform into
L√−g˜ = M
2
P
R˜
2
+ L˜SM[λ→0] − 1
2
K˜ − U˜(h, χ) , (1.9)
where K˜ is a noncanonical kinetic term,
K˜ = γabg˜
µν∂µφ
a∂νφ
b , (1.10)
γab is a generally nondiagonal, noncanonical spatial met-
ric,
γab =
1
Ω2
(
3
2
M2P
∂aΩ
2∂bΩ
2
Ω2
)
, (1.11)
and U˜(h, χ) is the scalar potential,
U˜(h, χ) =
M4P
(ξχχ2 + ξhh2)
2
×
(
λ
4
(
h2 − α
λ
χ2
)2
+ βχ4 + Λ0
)
.
(1.12)
2 A hat on a quantity indicates that it depends on the unimodular
metric gˆµν , satisfying the Unimodular Condition det gˆµν = −1.
3 A tilde on a quantity indicates that it is expressed on the Einstein
frame, where g˜µν = Ω2gˆµν and Ω2 = M
−2
P f(φ), φ = (φ
1, φ2) =
(h, χ).
3From here, it is straightforward to find the classical
ground states for α, λ, ξχ, ξh > 0. We do so first by
finding them for the case where there is no cosmological
constant Λ0, which in any case is very small, and second
by observing in them the effect of a nonzero cosmological
constant.
If Λ0 = 0, then the theory Eq. (1.7) reduces to
Eq. (1.1), and the potential is minimal along the two
valleys
h20 =
(
α
λ
+
4βξh
λξχ + αξh
)
χ20 . (1.13)
The effect of a nonzero Λ0, is to give the valleys a
tilt, which breaks the degeneracy of the classical ground
states, no longer flat. Two cases are then possible:
• For Λ0 < 0 the potential valleys are tilted towards
the origin. The true classical ground state for this
case is a trivial nondegenerate one with χ = h = 0.
• For Λ0 > 0 the potential valleys are tilted away
from the origin. There is an asymptotic classical
ground state, given by Eq. (1.13), as the scalar
fields go to infinity χ0, h0 →∞. Depending on the
sign of β, this asymptotic solution corresponds to
a Minkowski, de Sitter (dS) or anti-de Sitter (AdS)
spacetime (see Eq. (1.5)).
Therefore, Λ0 > 0 does not play the role of a cosmological
constant but rather gives rise to a run-away potential for
the scalar fields. Moreover, if β = 0, dark energy does
not contain a pure-constant contribution and is entirely
generated by the term proportional to Λ0. This latter
condition on β is assumed for the rest of the paper, and
leads to the following scalar field potential Eq. (1.12) to
take the simple form
U˜(h, χ) =
M4P
(ξχχ2 + ξhh2)
2
×
(
λ
4
(
h2 − α
λ
χ2
)2
+ Λ0
)
,
(1.14)
and the potential valleys reduce to
h20 =
α
λ
χ20 . (1.15)
C. Overview on Higgs-dilaton cosmology
We will now proceed to describe the main features of
the Higgs-dilaton model.
• Inflationary Era: If the initial conditions of the
scalar fields are far away from the potential valleys,
they will roll slowly towards one of them. Λ0 can be
safely neglected as it is yet very small. This slow-
roll of the fields is responsible for inflation, which,
being driven by the Higgs field, is much like in the
case of the Higgs-Inflation model of Ref. [5]. The
era of inflation is eventually terminated by the pre-
heating and reheating phases described in Ref. [13].
• Preheating Phase: After inflation, the scalar field
dynamics is dominated by the field h. The gauge
bosons created at the minimum of the potential
acquire a large mass and starts to decay into all
of the SM particles. The fraction of energy going
into Standard Model particles is yet small, so non-
perturbative decay is slow (see in Ref. [13]).
• Reheating phase: The reheating of the Universe in
the Higgs-inflation paradigm was been considered
first in Ref. [13, 14]. Specifically, after some time,
the amplitude of the oscillations becomes small
enough that the gauge boson masses become too
small to induce a quick decay, and their occupa-
tion numbers start to grow rapidly via parametric
resonance. Then the gauge bosons back-react on
the Higgs field and preheating ends. From there
on, the Higgs field as well as the gauge fields decay
perturbatively until their energy is transferred to
SM leptons and quarks.
• dark energy Era: After preheating and reheating
the scalar fields satisfy Eq. (1.15) and remain vir-
tually static for most of the present Universe his-
tory. The energy contained in the h(t) and χ(t)
fields stays almost unchanged, fixed at a given value
by Λ0. It does, however, eventually dominate the
energy budget of the Universe as it scales with
ΩΛ ∝ a0 while radiation and matter energy den-
sities scale with Ωr ∝ a−4 and Ωm ∝ a−3 respec-
tively.4
The next two sections will now describe the HDM phe-
nomenology of the inflation and dark energy era in detail.
II. HDM IMPLICATIONS FOR THE EARLY
UNIVERSE
This section deals with the HDM predictions for the in-
flationary era and it is organized as follows: We first find
the field trajectories after some suitable frame changes
and field redefinitions. Then we proceed to calculate the
scalar Ps(k) and tensor Pt(k) power spectra of perturba-
tions and comment as well as on a number of interesting
predictions, such as the absence of isocurvature pertur-
bations.
It is thought that, during inflation, all the energy of the
Universe was contained in the inflaton and gravitational
fields, so one can readily neglect the Standard Model
4 The density parameter for any cosmological perfect fluid “i” is
defined as Ωi = ρi/ρc where ρc = 8piG/3H
2 is the critical den-
sity.
4fields in the Lagrangian (see Ref. [15]), L˜SM[λ→0] → 0.
In the Einstein frame, as seen in Eq. (1.9), then one is
left with the scalar-tensor part of Eq. (1.7)
L√−g˜ =
M2P
2
R˜− 1
2
K˜ − U˜(φ) , (2.1)
where we express the Higgs and dilaton fields in a vector
manner for brevity, φ = (φ1, φ2) = (h, χ).
The kinetic and potential terms are described in
Eqs. (1.10) and (1.14) respectively, and the latter can be
divided as the the sum of a scale-invariant term function
of V (φ), and a scale-breaking term function of Λ0:
U˜(φ) = V˜ (φ) + V˜Λ0(φ) . (2.2)
This arrangement allows to write the equations of mo-
tion for the gravitational (Einstein equations) and scalar
(Klein-Gordon equation) fields as Eq. (2.1),
G˜µν =U˜ g˜µν + γab
(
∂µφ
a∂νφ
b
)
− γab
(
1
2
g˜µν g˜
ρσ∂ρφ
a∂σφ
b
)
(2.3)
U˜ ;c =˜φc + g˜µνΓcab∂µφa∂νφb , (2.4)
where the Einstein tensor G˜µν is computed from the
newly conformal metric g˜µν , and Γ
c
ab are the Christof-
fel symbols corresponding to the space metric γab.
Since inflation only takes place in the scale invariant
region of the potential, one can neglect the scale invari-
ance breaking term Λ0. In the Einstein frame, as the
metric g˜µν is scale invariant by definition, scale trans-
formations do not act on it and thus δg˜µν = 0, but only
affect the scalar fields. This allows to redefine the fields
as φ′ = (φ′1, φ′2) = (ρ, θ), which in terms of the original
fields φ = (φ1, φ2) = (h, χ) (see Ref. [2]), are
ρ =
MP
2
ln
(
(1 + 6ξχ)χ
2 + (1 + 6ξh)h
2
M2P
)
(2.5)
θ = arctan
(√
1 + 6ξh
1 + 6ξχ
h
χ
)
, (2.6)
so that the scale transformation only acts on a single
field, ρ.
Note that the argument of the logarithm in Eq. (2.5) is
reminiscent of the two-dimensional ellipse equation in the
(h, χ) plane and can be interpreted as the radius ρ of the
field vector φ, while from the argument of the arctangent
in Eq. (2.6) is clear that θ can be interpreted as the the
argument of the field vector φ. One may tentatively refer
to this new variables as “polar fields” and we will do so
throughout the rest of the paper.
In terms of the redefined fields, the Einstein frame ki-
netic term K˜ and the potential U˜ = V˜ +V˜Λ0 [see Eq. (2.1)
are given by
K˜(θ, ∂ρ, ∂θ) =
(
1 + 6ξh
ξh
)
1
sin2 θ + ς cos2 θ
(∂ρ)
2
+
M2 ς
ξχ
tan2 θ + µ
cos2 θ
(
tan2 θ + ς
)2 (∂θ)2 (2.7)
V˜ (θ) =
λM4P
4ξ2h
(
sin2 θ − αλ 1+6ξh1+6ξχ cos2 θ
sin2 θ + ς cos2 θ
)2
(2.8)
V˜Λ0(ρ, θ) =
(
1 + 6ξh
ξh
)2
Λ0e
−4ρ/MP(
sin2 θ + ς cos2 θ
)2 , (2.9)
where µ ≡ ξχ/ξh and ς ≡ (ξχ + 6ξhξχ)(ξh + 6ξχξh).
A. Evolution equations for the background
We now proceed to study the field trajectories dur-
ing inflation in order to link the couplings of the theory
with inflationary quantities. In a Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) background,
ds2 = g˜µνdx
µdxν = −dt2 + a2(t)d~x2 , (2.10)
and following Ref. [2], the Friedmann and Klein-Gordon
equations are567
H2 =
1
3M2P
(
1
2
∣∣φ˙∣∣2 + U˜) (2.11)
2H˙ + 3H2 = − 1
M2P
(
1
2
∣∣φ˙∣∣2 − U˜) (2.12)
−∇†U˜ = Dφ˙
dt
+ 3Hφ˙ , (2.13)
where H = a˙/a is the Hubble rate.
If, instead of the time coordinate t, we use the e-fold
parameter N = ln a(t), the field equations can then be
rewritten as8
H2 =
U˜
3M2P −
∣∣φ′∣∣2/2 (2.14)
H ′
H
=− 1
2
∣∣φ′∣∣2
M2P
(2.15)
−M2P∇† ln U˜ =φ′ +
Dφ′/dN
3− ∣∣φ′∣∣2/2M2P . (2.16)
We will solve this equation in the slow-roll (SR) for-
malism.
5 A dot ˙ denotes a derivative w.r.t. time.
6 Capital D stands for the usual covariant derivative.
7 A dagger † indicates the dual of a vector.
8 A prime ′ denotes a derivative w.r.t the number of e-folds.
51. Slow-roll parameters
In the HDM, inflation occurs due to a phase of slow
roll of the scalar fields over an almost-flat potential long
before the fields reach one of the potential valleys,. It is
then convenient (see Ref. [16, 17]) to define the slow-roll
parameter SR and the slow-roll vector ηSR as
SR ≡ −H
′
H
=
1
2
∣∣φ′∣∣2
M2P
(2.17)
ηSR ≡ 1|φ′∣∣Dφ′dN , (2.18)
where the vector notation is introduced due to the pres-
ence of more than one field in the model.
For inflation to take place, the slow roll conditions
SR  1 and |ηSR|  1 must be satisfied9. Inflation
ends when the slow-roll parameters cease to be smaller
than unity or a phase transition occurs.
Imposing the slow-roll conditions, and in terms
of of the number of e-folds, the Friedmann Equa-
tions (2.14), (2.15) and the Klein-Gordon equation (2.16)
can now be rewritten as:
H2 =
U˜
3M2P
(2.19)
φ′ = −M2P∇† ln U˜ , (2.20)
giving the evolution of the field vector φ.
2. Background trajectories
Lets discuss the regions in the (h, χ) plane for which
the approximate slow-roll conditions hold (see Fig. 1).
Note that the smallness of α results in that the potential
valley do barely separate from each other at late times
and are indeed merged for the whole period of inflation.
Hence, for the rest of this section α = 0 will be assumed.
The initial conditions for the trajectories must be cho-
sen in the slow-roll region; the shape of the potential
Eq. (2.2) attracts all trajectories to one of the potential
valleys, and the roll starts. Note that:
• Some trajectories never leave the slow-roll sector
and oscillate only a small number of times before
falling down the potential valley. Such trajectories
do not go through a reheating phase (see the red
line in Fig. 1).
• Other trajectories do leave the slow-roll sector by
reaching a stepper region within the potential val-
ley and oscillate strongly around its minimum al-
lowing for the reheating phase to take place before
9 Parameters SR = SR1 and |ηSR| = |SR2 |/2, where SR1 ≡ H′/H
and SR2 ≡ d ln SR/dN are the multifield generalizations of the
standard first two horizon-flow parameters defined in Ref. [18].
Figure 1: The blue region is the slow-roll region for ξχ  1,
ξh  1 and the shaded region is the scale-invariant region.
The red line represents a trajectory, that never leaving the
slow-roll region, thus never producing a preheating/reheting
phase, while the blue line is a trajectory that leaves the slow-
roll region and oscillates strongly before rolling down the po-
tential valley giving rise to a preheating/reheting phase. The
Figure is taken from Ref. [2].
settling in the potential valley (see the blue line in
Fig. 1).
As reheating is a necessary component of any viable
theory of inflation, it is the second class of trajectories to
which we adhere for the rest of the analysis, constraining
the initial conditions of the fields. For these trajectories,
and in terms of the polar redefinition of the fields (ρ, θ) of
Eqs. (2.5) and (2.6), the slow-roll equations for the scalar
fields Eq. (2.20) become
ρ′ =0 (2.21)
θ′ =− 4ξχ
1 + 6ξχ
cot θ
(
1 +
6ξχξh
κ(θ)
)
. (2.22)
where κ(θ) = ξχ cos
2 θ + ξh sin
2 θ.
As a consequence of scale-invariance, the second scalar
field equation Eq. (2.22) does not depend on ρ0 but
merely on θ. This ensures that there are no entropy per-
turbations in this model that may produce isocurvature
fluctuations at reentry [15], which is quite positive for
the HDM model since they are strongly constrained by
Planck satellite (2015 data release) [19].
Integrating Eq. (2.22) up to the end of inflation, that
is, from θ to θend, the number of e-folds is
N(θ, θend) =
1
4ξχ
ln
(
cos θend
cos θ
)
+
3
4
ln
(
κ(θend) + 6ξχξh
κ(θ) + 6ξχξh
)
,
(2.23)
6where θend can be determined by finding its value when
SR(θend) = 1,
SR(θend) =
8ξ2χ(1 + 6ξh)
1 + 6ξχ
cot2 θend
κ(θend)
= 1 . (2.24)
B. Linear perturbations on the background
We will now proceed to calculate the scalar Ps(k) and
tensor Pt(k) power spectra of perturbations from the evo-
lution of the Higgs and dilaton fields, h and χ. This evo-
lution is coded in the slow-roll parameters SR and ηSR,
which ultimately depend on the theory couplings ξh/
√
λ
and ξχ.
We make use of the theory of cosmological perturba-
tions emerging from quantum fluctuations during infla-
tion, developed, among others, by Ref. [20]. Including
scalar and tensor perturbations, and choosing the New-
tonian transverse traceless gauge, the metric can be ex-
panded in scalar (curvature) and tensor (gravitational
waves) perturbations,
ds2 =− (1 + 2Φ) dt2
+ a(t)2 ((1− 2Ψ) δij + hij) dxidxj ,
(2.25)
where Φ and Ψ are the Bardeen potentials of Ref. [21].
Vector perturbations (vorticity) are not considered since
they decay rapidly in any case.
1. Primordial scalar power spectra
To compare the HDM with CMB observations, lets
start with the power spectrum of the primordial scalar
perturbations, (see Refs. [21] and [22]). The comoving
curvature perturbation is
ζ ≡ Ψ− H
H˙
(
Ψ˙ +HΦ
)
. (2.26)
It can be proven that ζ is conserved outside the horizon
if inflation takes place in the scale-invariant region, as in
this case just like in the single-field inflation scenario (see
Refs. [23] and [15]).
By making use of the slow-roll formalism, it can be
shown that the amplitude As(k) of the scalar power spec-
trum Ps(k) = As(k/k0)ns−1 can be expressed as (see
Ref. [20])
As(k) ' 1
2M2P 
SR
(
H∗
2pi
)2
' V˜
∗
24pi2SRM4P
, (2.27)
where quantities with an asterisk are evaluated at the
moment of horizon crossing, that is, when aH = k0.
The scalar spectral index ns(k) is given by
10
ns(k) ≡ 1 + d lnPs
d ln k
' 1− 2(SR + ηSR‖ ) , (2.28)
and the running of the spectral index αs(k) can be ex-
pressed as
αs ≡ dns
d ln k
' −4SRηSR‖ − 2ηSR‖
d2 ln SR
dN2
, (2.29)
thus giving a non zero running.
2. Primordial tensor power spectra
Again by making use of the slow-roll approximation
(see Ref. [20]), the amplitude At(k) of the power spec-
trum of the primordial tensor perturbations Pt(k) =
At(k/k0)
nt can be written as
At(k) ' 8
M2P
(
H∗
2pi
)2
' 2V˜
∗
3pi2M4P
, (2.30)
which gives a tensor spectral index nt(k)
nt(k) ≡ d lnPt
d ln k
' −2SR , (2.31)
while we neglect the running of the tensor spectral index
αt = dnt/d ln k.
Finally, it can be easily seen that the ratio of the tensor
and the scalar spectra to first order in slow-roll is given
by
r ≡ At
As
' 16SR (2.32)
and we also have a consistency condition just like the one
in the case of single-field inflation
r = −8nt , (2.33)
a relation which indeed holds for the vast majority of in-
flationary models in the slow-roll approximation at least
to the first non-trivial order.
C. CMB constraints on parameters and predictions
In this subsection we relate the primordial spectra ob-
servables from the CMB with the model couplings. Since
the whole period of observable inflation takes place in the
10 For a formal definition of the speed-up rate ηSR‖ and the turn
rate ηSR⊥ , see Ref. [2]. They are the components of the slow-
roll parameter ηSR in the parallel and perpendicular directions
of the field trajectory, which define an orthonormal coordinate
system of basis elements e‖ and e⊥.
7scale-invariant region of the potential, we can therefore
use the background trajectories Eqs. (2.23) and (2.24)
and directly compare to the primordial spectra calcu-
lated in Eqs. (2.27) and (2.30), indirectly measured from
the CMB, while assuming that during inflation, entropy
(isocurvature) perturbations are not even excited, thanks
to scale invariance of Eq. [2].
Lets start by computing the spectral quantities Ps(k0),
ns(k0), α(k0) and r(k0) evaluated at the pivot scale k0,
in terms of the HDM couplings ξχ, ξh and λ. This will
be done in the next four steps:
• Step I. First, we start by parametrically solving
Eq. (2.24), giving the final state of the field θend
at the end of the inflationary period, as a function
of the HDM couplings.
• Step II. Second, the field θend is inserted into
Eq. (2.23), parametrically solving as a function of
the HDM couplings and obtaining θ∗, the state of
the field at the moment where the modes k0 exits
the horizon during inflation.
• Step III. Third, the spectral quantities in
Eqs. (2.27), (2.28), (2.29) and (2.33) are evaluated
at θ∗ to find the spectral quantities Ps(k0), ns(k0),
αs(k0) and r(k0), as functions of the HDM cou-
plings and N∗, the number of e-folds between the
moment where the modes k0 exits the horizon and
the end of inflation.
• Step IV. Last, N∗ is expressed as a function of
the HDM couplings, in order to check whether the
model is able to provide with a number of e-folds
large enough that the horizon, homogeneity and
relic problems of w0waCDM are solved.
Before we start, however, it can be shown that the
number of e-folds roughly corresponds to (see Ref. [24])
N∗ '59− ln k0Mpc
0.002a0
− ln 10
16 GeV
V˜ (θ∗)1/4
+ ln
(
V˜ (θ∗)
V˜ (θend)
)1/4
− 1
3
ln
(
V˜ (θend)
%rh
)1/4
,
(2.34)
where of %rh is the energy density at reheating. It has
been found in Ref. [13] that reheating in Higgs inflation
is very efficient, and henceforth we take the approxima-
tion that a negligible number of e-folds occur during the
reheating phase – that is, we consider the case on instan-
taneous reheating of Ref. [2] –, at θend. Then,
%rh = V˜ (θend) , (2.35)
and one thus has ξχ . 10−3 and ξh/sqrtλ ∼ O(104).
With this bounds in mind, one can safely neglect second-
order terms in ξχ, 1/ξh and as will latter be seen in
Eq. (2.44) 1/N∗.
Moving on the explicit computation of the spectral pa-
rameters in terms of this couplings, lets follow the above
four steps.
a. Step I. Solving Eq. (2.24) up to first-order in ξχ
and 1/ξh, one obtains that the state of the field θ at the
end of the inflationary period is
θend = 2× 3 14
√
ξχ . (2.36)
b. Step II. Solving Eq. (2.23) up to first-order in ξχ
and 1/ξh, the state of the field θ, as a function of the
number of e-folds at the moment of horizon crossing, is
θ∗ ' arccos
(
e−4ξχN
∗)
. (2.37)
c. Step III. To evaluate the spectral observables
As(k0), ns(k0) and αs(k0) at θ
∗, we insert Eq. (2.37)
into the definitions of the spectral quantities given in
Eqs. (2.27), (2.28) and (2.29). We obtain
As(k0) ' λ
1152pi2ξ2χξ
2
h
sinh2 (4ξχN
∗) (2.38)
ns (k0) ' 1− 8ξχ coth (4ξχN∗) (2.39)
αs(k0) ' −32ξ2χ csch2 (4ξχN∗) . (2.40)
As for the tensor-to-scalar ratio r(k0), recalling the
consistency condition Eqs. (2.33) and (2.32), one obtains
r(k0) =− 8nt(k0) (2.41)
'192ξ2χ csch2 (4ξχN∗) , (2.42)
an interesting result, since one can see that in this ap-
proximation, αs(k0), r(k0) and nt(k0) are related as
αs(k0) ' −1
6
r(k0) =
4
3
nt(k0) , (2.43)
which can be interpreted as an approximate consistency
condition for the HDM that it is not replicated in other
inflationary theories.
d. Step IV. In order to find N∗ in terms of the
parameters of the theory, we insert Eq. (2.37) into
Eq. (2.34), giving the approximate result
N∗ ' 64.5− 1
2
ln
ξh√
λ
≈ 59 , (2.44)
which is compatible with solving the homogeneity, hori-
zon and relic problems of w0waCDM and allows us to ne-
glect second order terms in 1/N∗ in Eqs. (2.38), (2.39),
(2.40), and (2.41).
1. A note on reheating
These results also provide limits on the reheating tem-
perature Trh, defined as the initial temperature of the ho-
mogeneous radiation dominated universe. Trh is related
to %rh through
%rh =
pi2
30
geff(Trh)T
4
rh , (2.45)
8where geff(Trh) = 427/4 = 106.75 is the effective number
of relativistic degrees of freedom of the Standard Model.
This translates into the following upper and lower bounds
on the reheating temperature of (see Ref. [2])
1012 GeV . Trh . 1015 GeV . (2.46)
Note that this extra relativistic degree of freedom could
in principle add to the effective number of light degrees of
freedom in the Universe. This would affect the Big Bang
nucleosynthesis (BBN) ratios for the observed element
frequencies, and lay waste to one of the more accurate
predictions of w0waCDM. However, it can be shown that
this is not the case since just after reheating ends the
dilaton energy density is of order O(10−7), i.e. virtu-
ally negligible, so it no longer contributes to the effective
number of light degrees of freedom as shown in Ref. [3].
Also, it should be noted that according to Eq. (2.46)
even though there is a broad range of reheating temper-
atures, as was found in Ref. [3] the dilation was never in
thermal equilibrium in this interval, due to its negligible
rate of interaction (due to its suppressed derivative cou-
pling), so one should not include it in the sum of degrees
of freedom.
III. HDM IMPLICATIONS FOR THE LATE
UNIVERSE
In this section we show that the dilaton is a good candi-
date for quintessence (QE), that is, a dynamical dark en-
ergy (DE) candidate, and provide with testable relations
between CMB observables and the dark-energy equation
of state parameter.
A. The dilaton as a source of dark energy
After the phase of reheating, the system enters the
radiation dominated stage, at the beginning of which the
total energy density is given by %rh, see Eq. (2.45). At
this moment the scalar fields have nearly settled down in
one of two potential valleys:
h(t)2 ' α
λ
χ(t)2 . (3.1)
One could further redefine the polar variables intro-
duced in Eqs. (2.5) and (2.6) by
ρ˜ =γ−1ρ (3.2)
|˜φ′| =|φ0| −
Mp
a
tanh−1
(√
1− ς cos θ) , (3.3)
where have defined
a =
√
ξχ(1− ζ)
ζ
(3.4)
γ =
√
ξχ
1 + 6ξχ
. (3.5)
This new redefinition allows to express the symmetry-
breaking approximate ground states, that is, the two po-
tential valleys, as a simple function of θ˜ and the scalar
curvature perturbation ζ
tanh2
(
a θ˜(t)
MP
)
' 1− ζ
1 + αλ
1+6ξh
1+6ξχ
= 1− ζ . (3.6)
We assumed that the fields roll exactly at the bottom
of the valleys – the asymptotic solution – even if we would
naturally expect small deviations from this behaviour. In
this case, θ˜ is time-independent, and inserting the con-
straint (3.6) in the Einstein frame Lagrangian (2.1), one
obtains
L√−g˜ '
M2P
2
R˜− 1
2
(∂ρ˜)2 − V˜QE(ρ˜) , (3.7)
where VQE(ρ˜) is thawing quintessence-like potential, see
Ref. [1]
V˜QE(ρ˜) =
Λ0
γ4
e−4γρ˜/MP , (3.8)
of the run-away kind that allows the dilaton field to play
the role of a dynamic dark energy. For an interesting
discussion of thawing and freezing dark energy models
and a comparison between various parametrizations see
Ref. [25].
Lets now discuss in more detail the influence of the field
ρ˜ on standard homogeneous cosmology. In the FLRW
metric, the equation of motion for the homogeneous dy-
namic field ρ˜(t) is given by
¨˜ρ+ 3H ˙˜ρ+
dVQE
dρ˜
= 0 . (3.9)
The equation of state parameter wi of any perfect fluid
“i” is wi ≡ pi/%i, and so for the scalar field ρ˜ it is
wQE ≡ pQE
%QE
≡
˙˜ρ2/2− VQE
˙˜ρ2/2 + VQE
, (3.10)
and thus the equation of motion of dark energy can be
more compactly written as
%˙QE = −3H%QE (1 + wQE) . (3.11)
Also, for a barotropic fluid of energy density %b, the
Hubble parameter is given by the first Friedmann equa-
tion as
H2 =
1
3M2P
(%b + %QE) , (3.12)
which in terms of the relative abundances Ωi =
%i/3M
2
PH
2 for the perfect fluid “i” can be written as the
cosmic sum rule Ωm + ΩQE = 1, for flat space, neglecting
the radiation and neutrino contributions.
It is useful to rewrite Eqs. (3.9) and (3.12) in terms of
the dark-energy energy density, ΩQE, and deviation from
9pure cosmological constant parameter, δQE ≡ 1 + wQE.
This allows us to write the scalar field evolution equa-
tion(3.11) and Friedmann equation (3.12) as
δ′QE = (2− δQE)
(
−3δQE + 4γ
√
3δQEΩQE
)
(3.13)
Ω′QE = 3(δi − δQE)(1− ΩQE)ΩQE , . (3.14)
Defining δi ≡ 1 + wi, where the subindex “i” stands
for any barotropic fluid, be it radiation “r” or matter
“m”, it follows immediately that
• Radiation has pr = ρr/3⇒ wr = 1/3, so δr = 4/3.
• Dust has pm = 0⇒ wm = 0, so δm = 1.
• A pure cosmological constant holds exactly that
pΛ = −ρΛ ⇒ wΛ = −1, so δΛ = 0.
• A more general dark energy component only needs
pDE < −ρDE/3⇒ wDE < −1/3, so δDE < 2/3.
In Refs. [26] and [27] is shown that, for 0 ≤ δb ≤ 2, the
field trajectories approach one of two different attractor
solutions. Which of these two depends on the value of γ:
1. If 4γ >
√
3δi, the field evolution is driven towards
a stable fixed point ΩQE = 3δi/16γ
2 with δQE = δi.
In this case, the scalar field can only account at best
for a small contribution to dark-energy as it gives
rise to a baryon-like equation of state parameter,
wQE(γ >
√
3δi/4) = 1.
2. If 4γ <
√
3δi, the field evolution is driven towards
a different stable fixed point ΩQE = 1 with δQE =
16γ2/3. the scalar field can in this case describe
the late-time acceleration of the Universe since it
develops an equation of state parameter wQE(γ <√
3δi/4) = 16γ
2/3−1, less than −1/3 if γ < √3δi/4
or alternatively ξχ < 1/2.
It was found in Sec. II that the Higgs-dilaton model
is able to describe inflation as long as the coupling of
the dilaton field to gravity is much smaller that unity,
i.e. ξχ . 10−2 so trajectories are assured to approach
the second attractor, and accelerated expansion of the
Universe is bound to occur.
B. Dark-energy constraints on parameters and
predictions
We now proceed to give the explicit dependence of
the equation of state parameters and the couplings of
the theory, just as we did in the previous section for
the scalar and tensor power spectra. It was shown in
subsection I B that for the case where the potential in
Eq. (2.2) had β = 0, all of the dark-energy would consist
of the ρ˜ scalar field energy density and be analogous to
quintessence, while for the case with β 6= 0, dark energy
would have an additional contribution from the cosmo-
logical constant term, Λ0. In this paper no distinction
is being made, however, between quintessence and dark
energy, as we are operating under the first assumption,
and for the rest of the analysis we switch from “QE” to
“DE” as the corresponding label for quintessence/dark
energy observables.
The Inflationary era is followed by the Radiation and
Matter dominated eras. During this epoch, the second
term on the right-hand side of Eq. (3.13) is small com-
pared to the first one δDE is set at an equation of state
parameter virtually indistinguishable from a pure cosmo-
logical constant, wDE ' −1, yet of low energy density.
However, since the energy density of quintessence barely
decreases over time, ΩQE eventually becoming relevant.
It is then when the scalar fields ρ˜ starts rolling faster
down the potential valleys and δDE starts growing to-
wards its attractor value, driving the accelerated expan-
sion of space.
Note that while the Universe is not yet purely
quintessence-dominated, δDE  1, Eqs. (3.13) and (3.14)
yield (for a detailed calculation, see Ref. [28])
3δDE
16γ2
' F 2 , (3.15)
where F is the function defined below,
F (ΩQE) ≡
ΩQE + 2
√
ΩQE − 1
2ΩQE
ln
1 +
√
ΩQE
1−√ΩQE , (3.16)
increasing from F (0) = 0 in the Radiation and Matter
eras to F (1) = 1 when quintessence becomes fully dom-
inant. Note that, in conjunction with Eq. (3.5), giving
the dependence of parameter γ on the coupling of the
dilaton ξχ to GR, we are at last able to link the infla-
tionary quantities with dark energy observables, and it
can be shown in particular that, for ξχ . 10−3, then
δDE . 10−2 as well.
C. Constrain relations between early and late
Universe observables
We finally arrive to the point where three expressions,
one linking first order parameters w0DE and ns(k0), an-
other linking second order parameters waDE and αs(k0),
and one last on r(k0) and w
0
DE are deduced. These can
be understood as consistency checks on the model, since
they put very stringent bounds on the predicted values
of r(k0) and w
0
DE respectively.
1. First-order consistency relations
We can test the constraint relation between the scalar
spectral index ns and the equation of state parameter
w0DE as they both depend on ξχ, for a given number
of e-folds Ninf . Lets then find the explicit relation be-
tween these magnitudes. Combining Eqs. (3.15), (3.5)
and (2.39) one may write the scalar tilt ns as a function
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the quintessence equation of state parameter δDE and the
number of e-folds Ninf .
ns = 1− 2
Ninf
G cothG , (3.17)
where the function G(ΩQE, δDE) is defined as
G(ΩQE, δDE, Ninf) =
6δDENinf
8F (ΩQE)− 9δDE , (3.18)
so a relationship between ns and w
0
QE can be established,
and it is enough to replace δDE = 1 +wDE in Eq. (3.17),
which for the case where δDE → 0 reduces to:
lim
δDE→0
ns =
Ninf − 2
Ninf
. (3.19)
Finally, we note that this result can be equivalently
written in the differential expression
d ln %QE
d ln a
∣∣∣∣∣
a∗
' d lnPs(k)
d ln k
∣∣∣∣∣
k0
, (3.20)
at horizon reentry, that is, when k0 = a
∗H.
Note that the last equation, being a relation between
the very small and the very big scales, implies a linear re-
lation between the deviations from scale invariance in ns
and the deviations from the pure cosmological constant
dark energy equation of state parameter δDE, which can
be understood as a consequence of scale invariance.
2. Second-order consistency relations
We can also test a constraint relation relation involving
second order quantities: the running of the scalar spectral
index αs, the equation of state parameter w
0
DE, and its
running with the scale factor, waDE, again as they both
depend on ξχ, for a given number of e-folds Ninf .
11
αs = − 8w
a
DEF
3δDEN2inf
G2
(
csch2G−G cothG) , (3.21)
which for the case where δDE → 0 reduces to
lim
δDE→0
αs = 0 . (3.22)
Along with Eq. (3.17), this too can be considered a
consistency check for the theory, albeit a second order
one, whose testability however may still have to wait for
a longer time than for the first-order case since they are as
11 We have chosen the following parametrization of the equation
of state parameter for dark energy in terms of the scale factor:
wDE(a) = w
0
DE + w
a
DE ln(a/a0). Note the evolution is logarith-
mic, not linear, which is taken into account when implementing
the two consistency relations in CosmoMC.
of yet very poorly constrained. Also, in a similar manner
as with the relation for first order quantities we have the
equivalent relation for the second order quantities
d2 ln %DE
(d ln a)2
∣∣∣∣∣
a∗
' d
2 lnPs(k))
(d ln k)2
∣∣∣∣∣
k0
, (3.23)
at horizon reentry, that is, when k0 = a
∗H. This is again
a non trivial result that, just as in the case of the first-
order relation, may be understood as a consequence of
scale invariance.
3. Constraints on the tensor-to-scalar ratio
There is an additional constraint for the tensor-to-
scalar ratio arising from Eq. (2.41), which, in terms of
the energy density and equation of state parameters of
dark energy reduces to:
r =
12
N2inf
G2csch2G , (3.24)
which for the case where δDE → 0 reduces to
lim
δDE→0
r =
12
N2inf
. (3.25)
Note that the value of the tensor-to-scalar ratio r will
very rapidly go to zero for a sufficiently large number of e-
folds, and indeed, considering the previously found value
of Ninf & 59 and Planck satellite (2015 data release) best
fit values for parameters ΩQE and δDE, it can be easily
checked that the HDM prediction for the tensor-to-scalar
ratio es indeed extremely constraining, at r . 10−2, a
very interesting feature of the theory that may be tested
in the not-so-far future.
IV. NUMERICAL RESULTS
This section is organized as follows. First we review
the codes used for the cosmological parameter space
sampling, CosmoMC and CAMB, and marginalization
of the samples, GetDist and comment the modifica-
tions within these codes. Second, describe the cos-
mological probes whose likelihoods we consider in our
runs: the BICEP, Keck, Planck, Baryon Acoustic Os-
cillations (BAO) and Joint Light-curve Analysis(JLA).
We include in our runs the lensing (len.), low multi-
poles (low`) and Matter Power spectrum (MPK ) likeli-
hoods, and hereafter refer to the collection of likelihoods
used as BKP+MPK+len.+low`+ext., explain our choice
of prior distributions and other sampling details. Third,
we present the histograms and contours of the correlated
regions of a number of cosmological parameters for both
w0waCDM and HDM, and test the theoretical predic-
tions of this parameters by sample selection in the vanilla
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w0waCDM with those of the fully modified HDM Cos-
moMC computations. Fourth, we revert the constraints
to find the Higgs-dilaton model predictions for the cou-
plings. Finally, we compare the evolving dark energy
cosmology of w0waCDM to the HDM by Bayesian anal-
ysis, and comment on the likelihood and compatibility of
each of these.
A. CosmoMC modifications
The Markov chain Monte Carlo (MCMC) methods are
belong to class of iterative algorithms that sample param-
eter space from a prior distribution on said parameters,
based on constructing a Markov chain, that samples the
desired posterior distribution. The quality of the sam-
ple improves with the number of steps. Eventually, after
certain convergence criteria are met, the code can be ter-
minated and one may marginalize the cosmological pa-
rameters from the chains, with the “burn-in” removed.
At this point, if the chain has reached convergence well
enough that the posterior distribution is fully sampled,
then continuing to run the chain should have a negligible
effect on the output statistics.
CosmoMC is a Fortran MCMC code for exploring
cosmological parameter space, see Ref. [29]. The code
does compute accurate theoretical matter and CMB
power spectra with the help of the CAMB program, see
Ref. [30], itself a Boltzmann code for CMB anisotropies.
It then produces a set of chain files that includes the
chain values of the cosmological parameters requested,
and it comes together with a Python tool, GetDist (see
Ref. [31]), that analyzes the chain files, marginalizes the
parameters and outputs the results in 1D, 2D and 3D
posterior distributions, as well as providing marginaliza-
tion, likelihood and convergence statistics.
CosmoMC comes with variety of sampling methods,
from which we have selected the Metropolis-Hastings al-
gorithm. In order to reach convergence faster, we have
chosen CosmoMC to use an estimate of the covariance
matrix for the Planck satellite (2015 data release) data on
some of the parameters and a fast/slow parametrization
scheme (see Ref. [32]), reducing the computation time.
In all our runs, we do restrict ourselves to the
vanilla version of the code for the w0waCDM cosmol-
ogy, but we had to modify the code in order to im-
plement the logarithmic equation of state for dark en-
ergy wDE(a) = w
0
DE + w
a
DE ln(a/a0), the first order con-
straint ns ↔ (w0DE,ΩQE, Ninf), the second order con-
straint αs ↔ (ΩQE, w0DE, waDE, Ninf and the relation r ↔
(w0DE,ΩQE, Ninf) of the HDM. We do so by modifying the
CAMB source files to calculate Ps(k) and r(k) in terms
of this newly defined spectral quantities, suitably defined
within the source files and taking as input the values of
ΩQE, w
0
DE, w
a
DE and Ninf from CosmoMC in each step
of the chains.
For our runs CosmoMC works with as many as 29
parameters in the w0waCDM run and 27 parameters in
the HDM run, most of which are fed to CAMB to pro-
duce the power spectra. For the the w0waCDM run, the
most relevant of these cosmological parameters are Ωbh
2,
Ωch
2, 100θMC, τre, As, ns, αs, r0.05, w
0
DE, w
a
DE, while for
the HDM run the number of e-folds Ninf may be added
and both ns, αs and r0.05 parameters removed from the
MCMC, thus the difference of two in the number of de-
grees of freedom between the two models. Most of the
remaining parameters ones are nuisance parameters and
thus of no physical interest. Other parameters such as
ΩK,
∑
mν , Nν , Nν,m and Nν,s are fixed to their best
available value or in the case of nt and αt estimated to
be zero, and are not fed into the MCMC.
It is worth noting that, in the HDM run, having added
the spectral constraints to the code, neither ns, αs nor
r0.05 take part in the Metropolis-Hastings within Cos-
moMC, even if they do vary as derived functions of w0DE,
waDE, ΩΛ and Ninf inside CAMB in each step. Theoret-
ically, this would imply that no prior is needed in ns,
αs and r0.05 since they are “dummy” parameters in the
initialization file. However, in practice, an input initial
value for these parameters is needed for the code to start
running properly. This choice of “dummy” priors are
included in Tables I for completeness. Still, any other
choice of said dummy priors does produce the exact same
result, and in fact one may altogether set them of them
to zero with no impact on the output.
B. Details on the CosmoMCruns
For the evaluation of both the w0waCDM and
HDM CosmoMC chains, we make use of the Bi-
cep+Keck+Planck+len.+low`+BAO+JLA likelihoods,
provided in the July 2015 version of the code, the one
used for for this paper’s analysis.
Specifically, we have included the Planck satellite
(2015 data release) CMB likelihoods [33] and the gravita-
tional lensing of the CMB from the trispectrum [34], but
also the joint analysis of data from the BICEP2/Keck
Array [35]. In addition, we also include the ultraconser-
vative cut of the galaxy weak lensing shear (WL) corre-
lation function from the CFHTLenS survey [36] and the
matter power spectrum measurements from the cluster-
ing of the Sloan Digital Sky Survey DR7 Luminous Red
Galaxies [37].
We have also included distance data together with
each of the perturbation-related data sets. Therefore, we
have included the BAO measurements from CMASS and
LOWZ of Ref. [38], the 6DF measurement from Ref. [39],
the MGS measurement from Ref. [40] and the JLA SNe Ia
catalog from [41], all readily available in the CosmoMC
code. We do not include any measurements of the Hubble
constant H0, apart from a uniform prior 0.4 ≤ h ≤ 1.0.
We consider an exactly flat Universe, ΩK = 0 with a
fixed He fraction YHe = 0.24 after BBN, effective number
of neutrino species Nν = 3.046, with one massive neu-
trino Nν,m = 0, no sterile neutrino species Nν,s = 0 and
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w0waCDM x0 xmin xmax ∆max ∆prop
Ωbh
2 0.022 0.005 0.100 0.00010 0.00010
Ωch
2 0.120 0.0010 0.990 0.0010 0.0005
θMC 1.0411 0.5000 10.0000 0.00040 0.00020
τRE 0.090 0.010 0.80 0.010 0.005
log(1010As) 3.1 2.0 4.0 0.0010 0.0010
ns 0.965 0.915 1.015 0.0020 0.0010
αs -0.010 -0.035 0.035 0.00028 0.00014
w0DE -0.80 -1.80 0.20 0.0080 0.0040
waDE -0.40 -2.40 1.60 0.0160 0.008
r0.05 0.001 0.000 1.000 0.040 0.040
Ninf n/a n/a n/a n/a n/a
HDM x0 xmin xmax ∆max ∆prop
Ωbh
2 0.022 0.005 0.100 0.00010 0.00010
Ωch
2 0.120 0.0010 0.990 0.0010 0.0005
θMC 1.0411 0.5000 10.0000 0.00040 0.00020
τRE 0.090 0.010 0.80 0.010 0.005
log(1010As) 3.1 2.0 4.0 0.0010 0.0010
ns 0.965 0.915 1.015 0.0020 0.0010
αs -0.010 -0.035 0.035 0.00028 0.00014
w0DE -1.00 -1.03 -0.97 0.00030 0.00015
waDE 0.00 -0.80 0.80 0.016 0.008
r0.05 0.001 0.001 0.001 0.00010 0.00005
Ninf 62.0 20.0 240.0 1.1 2.2
Table I: Parameter priors for the main cosmological parameters for the w0waCDM and HDM CosmoMC chains.
sum of neutrino masses
∑
mν = 0.06 eV. We have ex-
plicitly checked that having the neutrino flavor number
and masses as free parameters does not alter our results.
The code takes as input, for every cosmological pa-
rameter going into the MCMC, a flat, bounded prior
distribution centered at x0 and bounded in the interval
(xmin, xmax), with a proposed step size ∆prop no greater
that ∆max.
The chosen priors for the two runs are shown on Ta-
ble I. Priors for Ωbh
2, Ωch
2, θMC, τre and log(10
10As)
were taken to be the default CosmoMC ones, while pri-
ors for ns, αs, w
0
DE, w
a
DE, r0.05 and Ninf were chosen
with the theoretical bounds derived from Planck satel-
lite (2015 data release) in [6]. In particular,
• The approximate starting point x0 was taken
to be the center of the CosmoMC distributions
w0waCDM in Table II.
• The interval (xmin, xmax) was taken to roughly en-
compass 5σ in the CosmoMC w0waCDM distribu-
tions and are shown in Table II.
• The approximate criteria chosen for the step pa-
rameters was chosen to be ∆max = |xmax −
xmin|)/100 and ∆prop = ∆max/200.
The burn-in was removed by taking out the first 1500
samples in each of the chains. This is more than enough
since it was checked that convergence was achieved in all
cases much faster, after the 500-th sample, at most. We
decided, however, to remove the extra samples to ensure
that the chains left were truly Markovian.
The simulations’ main features are summarized next:
• For the w0waCDM run, we have 16 chains in total,
each cut at 20k samples on average per chain (after
burn-in), adding up to 320k samples in total.
• For the HMD run, we have 32 chains in total, each
cut at 16k samples on average per chain (after burn-
in), adding up to 515k samples in total.
The approximate factor of two in the number of chains
is due to the fact that, since the the posterior distribu-
tion of the cosmological parameters in the HDM is often
non Gaussian, a larger amount of samples is required to
properly capture the correlated area with GetDist.
C. Constraints on cosmological parameters
On a first, naive approximation, we took the
w0waCDM samples and imposed the constraints of
Eqs. (3.17), (3.21) and (3.24) directly, by selecting the
samples that had values ns, αs and r0.05 close to those
predicted by w0DE, w
a
DE and ΩQE, that is, calculating the
three spectral quantities in terms of these late Universe
observables and selecting only samples within an interval
xsample ∈ (xcons. −∆x, xcons. + ∆x) , (4.1)
where x = ns, αs, r0.05 and ∆ns , ∆αs and ∆r0.05 are three
parameters set to their minimum observed value that still
allows to keep a sufficiently large number of samples for
posterior marginalization. The aim for this calculation is
to roughly estimate what region in cosmological param-
eter space is allowed by the Higgs-dilaton model.
This proves to be, however, too limiting, as the HDM
is extremely constraining on some of the parameters (see
the figures of merit for a variety of pairs of parameters
in Table III), which meant, in effect, that in order to
keep a number of samples greater that O(103), then the
tolerance parameter that controls the width of the ad-hoc
constrain, ∆x, becomes unacceptably large.
It is necessary, then, to create a mock sampling
with a much larger sample density. This was done
by the following approximation: by assuming the
BKP+MPK+len.+low`+ext. likelihood is close to a
Gaussian likelihood, we calculate the mean and covari-
ance in order to then sample the resulting multinor-
mal distribution with O(107) points, which constitutes
a 40-fold increase in density sampling and allows enough
statistics to marginalize the subsample selected by im-
posing the HDM constraints on the spectral quantities.
The constraints for Ωbh
2, Ωch
2, 100θMC, τre, w
0
DE,
waDE, ln(10
10As), ns, αs, r0.05 and Ninf if applicable for
w0waCDM and the HDM (20 ≤ Ninf ≤ 96) are shown
on Eqs. (4.2) and (4.4) at the 68.3% and 95.5% confi-
dence levels. Remember that the two constraints for the
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Parameter w0waCDM HDM (pred.) HDM (obs.) w0waCDM HDM (pred.) HDM (obs.)
Confidence level 68.3% Confidence level 95.5%
Ωbh
2 0.02237± 0.00025 0.02231± 0.00022 0.02233± 0.00022 0.02237+0.00051−0.00049 0.02231+0.00043−0.00043 0.02233+0.00044−0.00043
Ωch
2 0.1177± 0.0018 0.1181± 0.0011 0.1177± 0.0013 0.1177+0.0035−0.0035 0.1181+0.0024−0.0021 0.1177+0.0025−0.0025
100θMC 1.04111± 0.00045 1.04106± 0.00040 1.04110± 0.00042 1.04111+0.00088−0.00088 1.04106+0.00080−0.00081 1.04110+0.00083−0.00082
τRE 0.069
+0.017
−0.019 0.066± 0.013 0.070± 0.014 0.069+0.038−0.035 0.066+0.025−0.025 0.070+0.027−0.027
ln(1010As) 3.067
+0.032
−0.036 3.063± 0.025 3.068± 0.026 3.067+0.069−0.064 3.063+0.049−0.049 3.068+0.050−0.050
w0 −0.93± 0.10 −0.99999+0.0025−0.0020 −1.0001± 0.0032 −0.93+0.21−0.20 −0.99999+0.0056−0.0060 −1.0001+0.0072−0.0074
wa −0.21+0.41−0.31 −0.015+0.071−0.048 0.001+0.039−0.034 −0.21+0.69−0.74 −0.02+0.18−0.22 0.00+0.15−0.16
ns 0.9694± 0.0056 0.9665+0.0032−0.0022 0.9693+0.0046−0.0042 0.969+0.011−0.011 0.9665+0.0045−0.0051 0.9693+0.0083−0.0082
αs −0.0047± 0.0078 −0.0027± 0.0073 −0.0014± 0.0066 −0.005+0.015−0.015 −0.003+0.015−0.014 −0.001+0.013−0.014
r0.05 0.045
+0.017
−0.038 0.0002± 0.0017 0.00255+0.00070−0.0010 < 0.0964 0.0002+0.0031−0.0033 0.0025+0.0017−0.0016
Ninf n/a n/a 70
+9
−10 n/a n/a 70
+20
−20
Table II: Constraints on cosmological parameters Ωbh
2, Ωch
2, 100θMC , τRE , w
0
DE, w
a
DE, ln(10
10As), ns, αs, r0.05 and Ninf and
BKP+len.+low`+MPK+ext. for the w0waCDM and HDM (observed and predicted) CosmoMCchains at the 68.3% and 95.5%
confidence levels.
Higgs-dilaton model are calculated in two different ways,
one naive (theoretical) and the other numerical and more
robust.
The theoretically predicted HDM contours, obtained
from the base w0waCDM CosmoMC run along with
the actual HDM contours obtained from the MCMC are
shown in Figs. 2 and 3. The most interesting cosmologi-
cal parameters of the models, are shown in Fig. 4 showing
the marginalized distributions for w0, wa, ns, αs, r0.05,
Ninf for the base w0waCDM cosmology, the theoretical
HDM correlated regions obtained from it and the actual
HDM correlated regions sampled with the MCMC. Note
that the theoretically predicted plots on r fail spectac-
ularly precisely because of the non-Gaussianity of the
BKP+MPK+len.+low`+ext. likelihood on this parame-
ter. Finally, in Fig. 5 we show the 1σ and 2σ contours
for various combinations of parameters of the HDM and
w0waCDM models, while in Fig. 6 we show the 1σ, 2σ
and 3σ contours for a selection of interesting parameters
such as ns and αs along with the asymptotic analytical
solutions.
D. Constraints on HDM couplings
In this section we present the constraints for the
HDM couplings ξh/
√
λ and ξχ by numerically inverting
Eqs. (2.38) and (2.39). Doing so, we obtain
ξχ < 0.00109 (4.2)
ξh/
√
λ = 59200+6100−14000 (4.3)
at the 68.3% confidence level, and
ξχ < 0.00328 (4.4)
ξh/
√
λ = 59200+30000−20000 (4.5)
at the 95.5% and confidence level.
Finally, we present the 68.3% and 95.5% confidence
contours for ξχ and ξh/
√
λ on Fig. 7. As it can be seen,
there is significant improvement over the predictions of
the confidence intervals with respect to Ref. [2].
E. Bayesian analysis of w0waCDM vs. HDM
We proceed now to compare the two models,
w0waCDM vs. Higgs-dilaton Inflation, in detail. It
should be first noted that, in Table II and Fig. 4, while
the HDM makes very specific and tight constraints on
a number of parameters, all of these intervals are com-
pletely within the 1σ values of w0waCDM and thus, the
two models are as of today indiscernible one from an-
other, though future measurements by Euclid, DES and
PAU may be able to change that.
We find that the HDM is on an equal footing with
respect to the w0waCDM model as they have a similar
chi-square, i.e. ∆χ2 = χ2w0waCDM − χ2HDM = 0.178, but
with the HDM model having two fewer parameters, thus
being equally compatible with the ΛCDM model, nested
itself in w0waCDM.
Furthermore, we also estimate the Bayesian evidence
of the two models and compare them by making use of
the Jeffreys’ scale. The Bayesian evidence E(D|M) for
parameters u of a modelM given some data D is defined
as an integral of the likelihood distribution function over
the parameter priors, e.g. see Ref. [42], that is
E(D|M) =
∫
R
du L(D|u,M)pi(u,M) , (4.6)
where L(D|u,M) = exp(−χ2(u)/2) is the likelihood dis-
tribution function within a given pi(u,M) set of priors
bounding the region R in parameter space.
Unfortunately, an exact computation of the Bayesian
evidence by numerically integrating the MCMC chains
obtained by a Monte Carlo method was in our case nu-
merically sensitive to the choice of certain parameters
controlling for the precision of the integral in Eq. (4.6).
This is due to the fact that the evidence is very sensi-
tive to the tails of the likelihood distribution function.
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FoM w0waCDM HDM Qw0waCDM,HDM
w0, wa 8 2216 272
w0, As 40 3014 76
w0, ns 240 17847 74
w0, αs 170 12281 72
w0, r0.05 50 99458 1985
wa, As 13 157 12
wa, ns 74 940 13
wa, αs 49 635 13
FoM w0waCDM HDM Qw0waCDM,HDM
wa, r0.05 14 5152 358
As, ns 956 1405 1.5
As, αs 559 946 1.7
As, r0.05 156 7334 47
ns, αs 3202 5424 1.7
ns, r0.05 951 213009 224
αs, r0.05 698 28838 41
Table III: Figures of Merit for the w0waCDM and HDM, as well as the ratio Q = FoMw0waCDM/FoMHDM between the two
quantities, giving the factor by which the HDM constraints the correlated region compared to w0waCDM for the selected pairs
of parameters.
A precise computation of the Bayesian evidence requires
the MCMC sampling of the full prior region in parame-
ter space to accurately sample the tails, but the typical
MCMC sampler, and in our case CosmoMC, only sam-
ples the posterior correlated region, thus leaving the tails
barely sampled. Clearly, this leads to the aforementioned
numerical sensitivity of the Bayesian evidence computa-
tion on the integration method.
Fortunately, there is a number of ways to circumvent
this issue and here we compute three of them:
1. A well-established approximation to the Bayesian
evidence by using the Harmonic Mean Approxima-
tion (HMA) for the evidence ratio, see Ref. [43].
2. The Akaike Information Criterion (AIC), see
Ref. [44].
3. The Deviance Information Criteria (DIC), see
Ref. [44].
These are respectively defined as follows:
EHMA(D|M) =
(
1
N
N∑
i=1
1
L(D|u,M)
)−1
(4.7)
AIC(D|M) =2k + χ2min(D|u,M) (4.8)
DIC(D|M) =2〈χ2(D|u,M)〉 − χ2min(D|u,M) (4.9)
where N in the number of samples in the MCMC chains,
k the number of parameters to be estimated and the 〈· · · 〉
denote an average over the posterior distribution.
In order to compare two models M1 and M2, we can
make use of the ratio of the Bayesian evidences calculated
by the Harmonic Mean Approximation (see Ref. [42]),
given by:
RHMA1,2 =
EHMA(D|M1)
EHMA(D|M2) , (4.10)
or alternatively, their differences in the AIC or DIC cri-
teria
∆AIC1,2 = AIC(D|M1)−AIC(D|M2) (4.11)
∆DIC1,2 = DIC(D|M1)−DIC(D|M2) . (4.12)
Making use of the approximations of Eqs. (4.7), (4.8),
(4.9) and the definition of Eq. (4.10), we find the Bayesian
evidence ratios and AIC/BIC differences for HDM and
w0waCDM to be
RHMAHDM,w0waCDM = 0.55 ≈ 1.8−1 (4.13)
∆AICHDM,w0waCDM =− 4.2, (4.14)
∆DICHDM,w0waCDM =− 3.5 , (4.15)
which imply that the Higgs-dilaton and the evolving dark
energy models are more or less on an equal footing as seen
by the evidence ratio RHMAHDM,w0waCDM, but as seen by
Jeffrey’s scale, e.g. see Ref. [42], there is some evidence
against the latter model. We stress, however that the
evidence ratio is based on an approximate calculation
and as such should be interpreted with caution.
Finally, in order to quantify by which amount the pa-
rameter space is constrained, we use the figure of merit
(FoM) metric, see Ref. [42, 45] for more details. Note,
that we define the FoM here as the inverse of the area
inside the 1σ contour. Then, we define the quotient
Q(FoMi,FoMj) as
Q ≡ FoMHDM
FoMw0waCDM
≡ Aw0waCDM
AHDM
, (4.16)
so the greater the FoM, the more constrained the model
is, and the value of Q(FoMi,FoMj), indicates the n-fold
improvement in constraining the correlated regions, that
is, the quotient of the areas. In Table III we give the FoM
for all pairs of parameters w0, wa, As, ns, αs and r0.05.
Note that the FoM for (w0, wa) and (ns, r0.05) is O(102),
while that of (w0, r0.05) is of order O(103). Clearly,
this illustrates why were the vast majority of samples in
w0waCDM rejected when we naively imposed all three
constraints directly on the w0waCMD CosmoMC run.
V. CONCLUSIONS
In this paper we have found that the Higgs-dilaton
model (HDM) is a viable extension of the Standard
Model, one that based only on scale invariance and a
nonminimal coupling to Unimodular Gravity is able to
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Figure 2: 1σ and 2σ contours of Ωbh
2, Ωch
2, 100θMC , τRE and As for the HDM both predicted (blue) and observed (red).
produce an early-Universe period of inflation eventually
as well as explaining the present era of accelerated expan-
sion. We have compared this model to the cosmological
constant (ΛCDM) and evolving dark energy (w0waCDM)
models, by using the latest cosmological data that in-
cludes the cosmic microwave background temperature,
polarization and lensing data from the Planck satellite,
the BICEP and Keck Array experiments, the Type Ia
supernovae from the JLA catalog, the Baryon Acous-
tic Oscillations and finally, the Weak Lensing data from
the CFHTLenS survey, by implementing the model con-
strains in CosmoMC, a MCMC code.
It should be stressed that the links between the observ-
ables ns and αs, related to inflation, and w
0
DE and w
a
DE,
related to dark-energy, are very particular predictions of
the model that relate two seemingly totally independent
epochs, establishing a measurable relation between ob-
servables from CMB anisotropies with a largely unknown
dark-energy sector.
Also, one possible issue for the HDM is that given the
large values of the Higgs self-coupling of Eqs. (4.2), and
the wide temperature interval of Eq. (2.46), the model
could in principle suffer from the strong coupling [46],
which could possibly affect the early time cosmology [47].
However, the results we quoted in the aforementioned
equations have always been expressed in terms of the ef-
fective ξh/
√
λ during inflation, and therefore this state-
ment depends on the Renormalization Group Equations
(RGE) running of both ξh and λ. In certain models λ
can be sufficiently fine-tuned to be small enough that
the Higgs non-minimal coupling is not strongly coupled,
and therefore all the vacuum stability and consistency of
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Figure 3: 1σ and 2σ contours of w0DE, w
a
DE, ns, αs, and r0.05 for the HDM both predicted (blue) and observed (red). Note that
the predictions on the contours involving the tensor-to-scalar ratio r0.05, since that the assumption of approximately Gaussian
clearly likelihood breaks down.
the model is not questionable.
Regarding the vacuum stability we should note that
the Higgs inflation is somewhat different in that for ex-
ample, in R2-inflation the R2 term effectively introduces
another scalar field and this will help the SM stability
bounds. However, as it was shown in Ref. [48], the Higgs
inflation model can successfully work even if the SM vac-
uum is not absolutely stable, something which is another
advantage of the model.
We should note that even if the RGE running of λ and
ξh, see Ref. [49], may shift these values to accommodate√
λ/ξh ∼ 10−5, it is reasonable to assume that λ does not
reach 10−13 without some fine-tuning, so we do expect
somewhat large values of ξh ∼ 100. In this case the scale
of new strong gravity corrections becomes dangerously
close to the inflationary scale, and a proper treatment of
UV corrections is needed, see Refs. [47, 50].
Furthermore, the RGE equations determine the run-
ning of all SM couplings, and in particular the Higgs
self-coupling λ and its non-minimal coupling ξh, as well
as the top quark mass. This last quantity is unknown
to sufficient accuracy from LHC data to determine the
sign of λ at 1015 GeV. It is perfectly possible that it re-
mains positive and, moreover, it could be small enough
to alleviate the issues discussed above. This issue has
been fully explored in Ref. [49]. In fact, the presence of
extra scalars (although the dilation is a special one, due
to its derivative coupling to the Higgs) tend to favor the
stability of the SM vacuum.
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We found that the values of all cosmological param-
eters allowed by the Higgs-dilaton model Inflation are
well within the w0waCDM constraints. In particular,
we found that w0DE = −1.0001+0.0072−0.0074, waDE = 0.00+0.15−0.16,
ns = 0.9693
+0.0083
−0.0082, αs = −0.001+0.013−0.014 and r0.05 =
0.0025+0.0017−0.0016 (95.5%C.L.). We also placed new strin-
gent constraints on the couplings of the Higgs-dilaton
model to gravity and found that ξχ < 0.00328 and
ξh/
√
λ = 59200+30000−20000 (95.5%C.L.). All of these are very
relevant predictions of the model that may soon be con-
fronted with observational data by DES, PAU and Eu-
clid.
Furthermore, we found that the HDM is at a slightly
better footing than the w0waCDM model, as they both
have practically the same chi-square, i.e. ∆χ2 =
χ2w0waCDM−χ2HDM = 0.18, but with the HDM model hav-
ing two parameters less, and finally a Bayesian evidence
favoring equally the two models but the HDM being pre-
ferred by the AIC and DIC information criteria. All of
these constitute a significant improvement with respect
to the analysis previously carried out in Ref. [2].
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